Using the submanifold quantum mechanical scheme, the restricted Dirac operator in a submanifold is defined. Then it is shown that the zero mode of the Dirac operator expresses the local properties of the submanifold, such as the Frenet-Serret and generalized Weierstrass relations. In other words this article gives a representation of a further generalized Weierstrass relations for a general k-spin manifolds immersed in n-dimensional euclidean space (0 < k < n).
§1. Introduction
Immersed submanifold is currently studied. The Frenet-Serret and generalized Weierstrass relations were discovered from various viewpoints, which represent curves and surfaces in euclidean spaces. In this article we will show that the Frenet-Serret and the generalized Weierstrass relations come out of Dirac equations and give further generalized Weierstrass relation for arbitrary k-Spin submanifold in the n-euclidean space E n (0 < k < n).
This study is based upon the submanifold quantum mechanics we call. The submanifold quantum mechanics was opened by Jensen and Koppe about thirty years ago and rediscovered by da Costa [JK, dC] . They considered a Schrödinger equation on a submanifold embedded in a Euclidean space by means of a physical procedure. They used a confinement potential to restrict the Schrödinger particles into a subspace of our three dimensional space. The subspace can be regarded as a submanifold after taking a squeezing limit. I applied their method to the Dirac particle with Tsuru about ten years ago [MT] . I have been studying the Dirac operators in submanifolds for this decade. Here we call the Dirac operator properly defined in submanifold, submanifold Dirac operator in this article.
It is known that the Dirac operator plays important roles in various fields in geometry, e.g., principal bundle related to gauge theory, Riemannian manifold related to gravity, arithmetic geometry and so on. There the Dirac operator behaves as a translator between linear space and geometry.
I had a question in 1991: Does the Dirac operator play an important role in immersion geometry? Results in our study [MT, give an answer, yes. Then one may have other questions: 1) How do we obtain the Dirac operator? 2) How does it behave there?
As we will show in this article, we can systematically define the submanifold Dirac operator for a smooth oriented spin k-submanifold immersed in Euclidean space. An algorithm to construct submanifold Dirac operator is the following.
(1) Set the Dirac equation D E n Ψ E n = 0 in a Euclidean space E n and embed a k-smooth Spin submanifold S into E n (0 < k < n). (2) Construct tubular neighborhood (T S , g T T S ) around (S, g T S ) . Here g T T S and g T S are the Riemannian metric induced from that of E n . Set foliation structure in T S :
. T S is characterized by S = T S | q=0 for q ∈ R n−k . Let T S locally have the canonical parameterization q ∈ R n−k introduced in Definition 2-1; (dqα) is an orthonormal base forα = k + 1, · · · , n and g T T S (∂ qα , ∂ s α ) = 0 for α = 1, · · · , k andα = k + 1, · · · , n. (3) Let Ψ be a spinor field or a local section Ψ ∈ Γ vc (U, Cliff E n (T * E n )) of the Clifford module Cliff E n (T * E n ) whose endomorphism is homomorphic to a ring structure of the associated Clifford bundle and support is in T S . Set a bijection ϕ pt : Ψ → Ψ; the pair (Ψ, Ψ) is related to the point-wise inner product ΨΨ as the spin representation. (4) Introduce another natural pairing in T S and transform it so that its measure is Haar measure with respect to the affine transformation along the normal directions,
where g T S and g T T S are determinant of the Riemannian metric g T S and g T T S ,
(1-2) (5) Define submanifold Dirac Equation D S֒→E n ψ = 0 of (S, E n ) for the submanifold Dirac operator D S֒→E n given as a restriction,
(1-3)
We note that the condition ∂ q = 0 means the restriction of the domain of D S֒→E n to the kernel of D )| q=0 . Conversely, for a solution ψ of the Dirac equation D S֒→E n ψ = 0, there exists spinor field of E n such that ψ = Ψ| q=0 . The spinor field represents the group structure of spin principal bundle and there is a natural correspondence τ between spin principal bundle and SO(n) principal bundle. Hence for a certain solution ψ i of the submanifold Dirac equation and its partner ψ i := ϕ pt (ψ i ), we find a relation,
for an affine coordinate (x 1 , · · · , x n ) ∈ E n of the submanifold S and an appropriate gamma matrix γ α . This is the further generalized Weierstrass relation for more general submanifolds mentioned in theorem 3-24, even though we need more concrete definitions and arguments. The purpose of this article is to make the statements more mathematically precise.
The generalized Weierstrass relation for a conformal surface in E 3 was discovered by Kenmotsu [Ke] as a generalization of the Weierstrass relation for a minimal surface in E 3 . The Dirac type relation was found by Konopelchenko in 1995 [Ko1] and I showed that the submanifold Dirac 2 equation is identified with the relation [M8] . I also computed the submanifold Dirac operators for the generalized Weierstrass relation for a conformal surface in E 4 , which was also discovered by Konopelchenko [KL, Ko1, Ko2] and Pinkall and Pedit [PP] . Recently there are so many studies on the relations between submanifolds and Clifford bundles KL, B, Fr, Tr] . However no article mentions the transformation (1-2), as long as I know. For this decade, I have applied the transformation to the relation between the Dirac operator and submanifold. However I could not reach the direct connection between a more general submanifold and zero mode of the Dirac operator because the net meaning of the transformation remains as a question in my mind. After the conference, I found one of its important roles as mentioned above and in the main text, which naturally leads me to the further generalized Weierstrass relation (1-3) and our main theorem 3-24. §2 is devoted to preparation of the notations and explanation of the geometrical situation which we stand. In §3 we define the submanifold Dirac operators. We precisely mention the above algorithm and the results. On our conventions of the Dirac operators, we give an appendix: In Appendix A, we prepare the language to describe the submanifold Dirac operator. (Some of parts in this article might be tedious for some of readers. We attempt to show the results for mathematicians and physicists and thus both conventions might make explanations and proves redundant. Thus I hope that some readers should skip those parts.) In §4, we deal with the Frenet-Serret and generalized Weierstrass relations for curves in E 2 and E 3 and conformal surfaces in E 3 and E 4 in our framework. As applications of the theorem 3-24, we give the proves of these relations, which are different from those in [Ke, Ko1, Ko2, PP] .
Though we will not mention in this article, it is known, from the physical point of view, that the obtained Dirac operator has following properties;
(1) The index of the Dirac operator is related to the topological index for the case of curves [M2,5] . (2) The operator determinants are associated with the energy functionals, such as EulerBernoulli functional and Willmore functional for the cases of space curves and of immersed conformal surfaces respectively [M6,10] . (3) The deformations preserving all eigenvalues of the submanifold Dirac operators become the soliton equations, such as MKdV equation [M2, 6, 7, MT] , complex MKdV equation, Nonlinear Schrödinger equation [M1,M3] , modified Novikov-Veselov equations [Ko1, Ko2, KL, KT, M11] depending on submanifolds.
As we will show in this article, we modeled the theory of Thom class [BT, BGV] on construction of this theory of the submanifold Dirac operator. Both stand upon vary similar geometrical situation. As the Dirac operators are generally related to some characteristic class of fiber bundle, it is expected that the submanifold Dirac operator might be related to the Thom class and/or generalization of Riemann-Roch [PP] .
Though we will assume the canonical parameterization on T S in the definition of the submanifold Dirac operator and in the proof of the theorem 3-24, it will be extended to one without the assumption. Further our scheme does not need global properties and thus might be extended to a subgroup manifold immersed in more general group manifold.
I thank to the organizers, especially Prof. M. A. Guest and Prof. Y. Ohnita for giving me a chance to talk at the conference. I am grateful to Prof. U. Pinkall and Prof. F. Pedit for their interesting in this work, Prof. T. Kori and Dr. Y. Homma for inviting me their seminar and crucial discussions. It is acknowledged that Prof. S. Saito, Prof. K. Tamano and H. Mitsuhashi for critical discussions. §2. Geometrical Setting
In this section, we will set up our geometrical situation and notations for a certain submanifold in the n-euclidean space E n . We use the Einstein convention; repeating indices means sum over them. §2-1. Tubular neighborhood T S of S in E n Let S be a smooth oriented Spin k-submanifold embedded in E n , (0 < k < n), so that (S, g T S ) has a Riemannian tubular neighborhood (T S , g T T S ). Here g T S and g T T S are the Riemannian metrics induced from that g T E n of E n . The tubular neighborhood T S is a n-dimensional submanifold in [S] , we have set T S and π S such that the correspondence from a point x ∈ T S to the nearest point in S becomes a subjective map
where || || is the distance of the euclidean metric:
We have a foliation structure in T S locally; there is a covering {U T } of T S such that for each U T , C ∞ map ϕ U T : U T → R k × R n−k exists. Here we will introduce canonical parameterization in order to express the submanifold quantum system [dC] .
For an open set U S of S and
it satisfies the following conditions:
(1) Let S |q| := {x ∈ E n | π S (x) ∈ U S , ||x − π S (x)|| = |q| } and S q be a subset of S |q| such that S q is diffeomorphic to U S and U T ⊂ T S as a set is given by a disjoint union of S q ,
(2) There is natural decomposition of tangent space of U T at a point p ∈ S q ⊂ U T ,
q so that the Riemannian metric is decomposed by
where g T S q is the induced metric of S q .
First we remark that in general a smooth k-submanifold (n − k ≥ 2) does not globally have the canonical parameterization because the condition (3) is not trivial and meets an obstacle, whereas (1) and (2) are not subtle if S is compact. However in this article, we are concerned with a local representation of the submanifold S in terms of the spinor field, such as the generalized Weierstrass relations in Proposition 3-21 and theorem 3-24. As we will show in the next proposition, the canonical parameterization can be locally constructed for an local open set U S in S.
Proposition 2-2.
A smooth oriented k-submanifold S embedded in E n (k < n) locally has a tubular neighborhood with the canonical parameterization.
In order to prove this proposition and for later convenience, we need more investigation of submanifold and rewrite it in Lemma 2-5. It will be proved after Lemma 2-10. We will prove this proposition as follows.
It is not difficult to prove the existence a parameter q ∈ R k satisfying the conditions (1) and (2) in Definition 2-1 for a fixing local system, U T ⊂ T S and π S U T =:
Here we assume such parameter q ∈ R k and fix the local systems U T and U S . An affine coordinate in E n is given by (x 1 , x 2 , · · · , x n ) =: x and in its tangent space T * E n and its dual space T * E n , the bases are ∂ i := ∂/∂x i , and
Here Latin indices i, j, k, are for the affine coordinate of E n . The Riemannian metric g T E n in the euclidean space is given as
We regard that the equations qα(
locally express a surface of S. The Pfaffian is expressed by dqα = 0's and by Frobenius integrable theorem, we locally find vector fields given by a linear combination of the bases ∂ α := ∂/∂s α (α = 1, · · · , k) satisfying,
Let the local coordinate of S be denoted by (
Let us introduce the notations in this article.
Notation 2-3.
(1) For a fiber bundle A over a differential manifold and an open set U of the base manifold, Γ(U, A) means a set of smooth sections of the fiber bundle A over U .
Let us employ the conventions 3-1) the middle part of the Greek (µ, ν, λ, · · · ) run from 1 to n, 3-2) the beginning of the Greek (α, β, γ, · · · ) runs from 1 to k and 3-3) the beginning of the Greek with dot (α,β,γ, · · · ) runs from k + 1 to n. (4) e α is a base of T S, locally e α := ∂ α := ∂/∂s
α is a dual base of T S, < e α , e β >= δ β α and locally e β ≡ ds β ≡ e β i dx i ∈ T * S.
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(6) eα := ∂α := ∂/∂qα is a base of orthonormal basis of T S ⊥ and its dual is denoted by
Let us express g T S q by the relation,
Lemma 2-4. A point in U T ⊂ E n is expressed by an affine coordinate x ≡ (x i ) and
for a certain affine coordinate y of S.
Proof. By setting y = π S x, it is obvious.
In the setting Definition 2-1, Proposition 2-2 is reduced to local expression.
Lemma 2-5.
In a local open set U T ⊂ T S , there is local coordinate system (u µ ) with the parameters q ∈ R n−k satisfying the conditions on the metric
In this proposition, it is not trivial that there is a choice of the orthonormal system {∂ qα } of the parameterization {q} so that g T T Sα β = g T T S αβ = 0 but other statements are not difficult. In order to prove these vanishing relations and to give a concrete expression of the canonical parameterization {q} and g T S q using g T S and q a , we prepare the words expressing the intrinsic and the extrinsic properties of S ⊂ E n e.g., the Weingarten map [E,G] .
Lemma 2-6 (intrinsic properties).
The Riemannian connection consisting with this metric g S for θ, ξ ∈ Γ(U, T S) and U ⊂ S is expressed by,
Proof. See chapter 12 and 13 in [G] .
Lemma 2-7 (Weingarten map).
For a base e α of T S and
and is expressed by
Lemma 2-8 (Second fundamental Form).
The second fundamental
is connected with the Weingarten map,
Proof. Due to g T T S (e α , eβ) = 0 and ∂ β g T T S (e α , eβ) = 0, we prove it [E] .
Lemma 2-9.
There locally exist the normal vectors eα ∈ T S ⊥ satisfying
This property does not depend upon the choice of the local coordinate system
Proof. Let (γ, e) in Lemma 2-7 be rewritten by (γ,ẽ) for a local open set U S of S. From Lemma 2-7, the derivative of a general normal orthonormal baseẽα is given as ∂ αẽα =γ
Hence n − k = 1 case, the statement is trivial. We consider the case n − k > 1. From the above relations, there are k(n − k)(n − k − 1)/2 degrees of freedom;γαβ α for α = 1, · · · , k.
which is homotopic to a point. Thus we can makeγαβ :=γαβ α ds α not diverge and we regardγαβ as an element of the orthonormal Lie algebra so(n − k). In other words, there is a section of SO(n − k) principal bundle over
Employing the element G of SO(n − k) transformation so that
and by defining eγ = Gγβẽβ, we obtain the results. Independence of the local coordinate system is obvious.
For example n − k = 2 case, we have the solution as,
This transformation is sometimes called as Hasimoto transformation.
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Lemma 2-10.
For the moving frame eα in Lemma 2-9, the moving frame of
Its inverse matrix is denoted by (E µ i ). Proof. Using Lemma 2-4, direct computation leads this result.
Proof of Proposition 2-2 and Lemma 2-5. Lemma 2-10 and g T T S ,µν = E i µ E i ν lead the result in Lemma 2-5. Thus Proposition 2-2 is proved.
and locally
where O is Landau symbol.
Remark 2-12.
( Corollary 2-13.
where k is the curvature of C, k = ∂ s φ for the tangential angle φ. By using the complex parameterization
Let s be the arclength of the curve C. The immersed curve has the Frenet-Serret relation for the tangential vector t, the normal vector n and the binormal vector b,
where κ and τ are the Frenet-Serret curvature and torsion respectively. By setting θ = s ds τ , the metric in T S with the canonical parameters (q 1 , q 2 ) is given by
The complex curvature
where H := tr 2×2 (−γ α 3β )/2 is the mean curvature and
For later convenience, we introduce the "complex mean curvature",
where
In this section, we will give a general definition and construction of the submanifold Dirac operator and show that its zero mode represents the submanifold itself. That is the further generalized Weierstrass relation for a more general submanifolds immersed in E n as shown in theorem 3-24. For the convenience, we will restrict ourselves only deal with a smooth oriented spin k-submanifold in E n (n > k) whose tubular neighborhood has the canonical parameterization. As we are concerned only with local express of submanifolds, this restriction does not lose the generality. §3-1. Dirac Operator in E n By consulting the Appendix A, we prepare fundamental tools in this article.
Definition 3-1.
(
is a fiber bundle which has the Clifford ring CLIFF C (R n ) structure associated with the cotangent bundle T * E n and the set of differential forms
For later convenience, we also employ a notation for a coordinate system {u},
(4) Let SPIN E n (T * E n ) be a spin principal bundle and a natural bundle map from
as a natural endomorphism in a set of sections of Clifford module Cliff
whose representation element is given by
Proposition 3-2.
with natural orthonormal pairing,
Here [n/2] is n/2 for the case that n is even and is (n − 1)/2 for the case that n is odd.
Proof. From the proof in Proposition A-6, they are obvious.
Definition 3-3.
its dual element with respect to the point-wise inner product (3-2) be denoted by
The bijection is assured by Proposition 3-2 and a fact for a point-wise product of line bundle C
The dual of the gamma matrix γ * E n is defined for an orthonormal moving frame 
Proof. Let us show that this is guaranteed for the coordinate transformation of GL(n). For a local coordinate transformation from (x i ) to (u µ ) with a general linear map,
is an element of SO(n) which transform {dx i } to an appropriate orthonormal moving frame {dξ i } associated with {u µ },
Then we can find e Ω ∈ SPIN E n (T * E n ) satisfying the relation,
Accordingly we have the relation,
This holds for any orthonormal frame {dξ} and this value does not depend on the choice of local coordinate u and orthonormal frame dξ. Similarly (2) is proved.
Proof. From Propositions A-6 and 3-2 and Lemma 3-4, it is obvious. §3-2. Dirac Equation in T S
As we wish to consider the behavior around the submanifold S, we perform the coordinate transformation of the Dirac operator in terms of the natural coordinate system (u µ ) := (s α , qα) of the tubular neighborhood T S . We fix a canonical parameterization q = (qα) ∈ R n−k . We emphasize that (dqα) is orthonormal frame with respect to the Riemannian metric. By the relation of the restriction T * T S = T * E n | T S , we denote the restrictions of the fiber bundles by CLIFF
, we choose an orthonormal frame (dξ µ ) := (dζ α , dqα) as we did in the proof of Lemma 3-4. Here we fix the part of the orthonormal frame, dξα ≡ dqα. By setting
Above transformations of Dirac operator is reduced to next lemma.
Lemma 3-6.
The point-wise pairing Ψ DΨ is invariant for the coordinate transformation over T S , i.e.,
This property asserts the relation (3-1)
.
, whose support is a compact set in T S , one can define a natural pairing for a section of Clifford module
However as we have specialized the normal direction (qα), we will introduce another pairing for later convenience, which is modeled the argument for Thom isomorphism [BT] .
We call Γ vc (T S , Cliff T S (T * T S )) sections of vertical compact support Clifford module. We denote the pairing by < | >:
) as a set.
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Remark 3-8.
(1) This pairing < | > does not depend upon the choice of local coordinate system. (2) Since we deal with the L 2 -norm, the dual space can be extended to more general function space including the Dirac distribution. However as we deal with local theory, we will go on to preserve the bijection ϕ pt .
As q are natural coordinates of T S and we are now considering the affine geometry in category of differential geometry, let us introduce the Haar measure with respect to the local affine transformation along the normal direction {q}, which is an invariant measure for the rotation and translations of q, i.e., exp(bα∂ qα )g
We call this measure normal affine invariance measure.
Let us introduce a transformation to make the volume element in the pairing 3-7 the Haar measure.
Definition 3-9.
(1) We will introduce another pairing (|) for sections of Clifford module
In this pairing, the volume element is the normal affine invariance measure.
by the relations, 
14 Proposition 3-10.
Proof. In the Riemannian manifold, the Riemannian metric is globally defined and thus (1) is obvious. Others are obvious from the definition.
Physically speaking, this means that √ −1∂ q is momentum operator of this system, which was argued in da Costa and Jensen and Koppe [JK, dC] . It is worth while noting that this proposition is the most important fact in the submanifold quantum mechanics.
Definition 3-11.
We define the transformed Dirac operator in T S ,
which is an element of endomorphism of Γ vc (T S , Cliff T S (T * T S )) and its adjoint acts on
Lemma 3-12.
Proof.
(1) is proved from the form of (3-3). In (2), we note that the gamma matrix is hermite, (γ {dξ} (dqα)) * = γ {dξ} (dqα). Then Proposition 3-10 proves (2). We use the canonical parameterization. For two canonical parameterization q and q ′ , there is only a global transformation between them, q ′ = Λq with constant function Λ over S. Thus e Ω ∈ SPIN T S (T * T S ) corresponding to Λ commutes with ∂ u µ . Hence the above decomposition does not depend upon the choice of the canonical parameterization. (3) is proved.
In order to connect Γ vc (T S , Cliff T S (T * T S )) with Γ(E n , Cliff E n (T * E n )), we introduce thinner tubular neighborhood T ǫ S , which is defined by
where ǫ < q 0 . We restrict the domain of Γ(
, we look into the behavior of functions only over T
is subjective. Then we have next proposition.
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Proposition 3-13.
There exists a bijection from
By introducing a support function ρ ∈ Γ(E n , C E n ) whose support in T S and ρ = 1 over
Hence we can find Ψ
Hereafter we will restrict the domain of the D u,{dξ} to
with preserving * -duality of the operators.
Lemma 3-14.
For the doublet of operator and domain
) is a bijection:
Proof. Direct computations give (1) and (2). We will prove (3). Since
As we prepared to define the submanifold Dirac operator, we give the definition.
Definition 3-15 (Dirac Operator on S ֒→ E n ). The submanifold Dirac operator on S is defined by the formula,
Remark 3-16.
1) We should note that there is no degree of freedom on choice of {qα} upto global transformation from remark 2-12 (1) and (2). (2) The coefficients of the submanifold Dirac operators are finite. (3) The definition does not depend upon the order of the constraint {qα} and {∂ qα } due to
Lemma 3-12. (4) The condition ∂ qα = 0 means that we restrict the function spaces Here in order to investigate the domain of the new Dirac operator, we will apply the facts in appendix A to fiber bundles. The vector bundle CLIFF
Definition 3-17.
(1) Let us introduce the notations,
2) Let us denote natural inclusion as a set due to the correspondence of generators in the sense of Lemma A-7,
τ S,E n : CLIFF C S (T * S) → CLIFF C S (T * E n ), (τ S,E n : γ S,dζ (dζ) → γ dξ (dζ)),
so that this map induces a ring homomorphism from CLIFF
C even S (T * S) → CLIFF C even S (T * E n )
. (3) Let us denote the natural inclusion as a group in the sense of Lemma A-7,
From Lemma A-7, τ S,E n induces ι S,E n and we will not sometimes distinguish them. Further we have naturally have SPIN S (S) acts on Cliff S (E n ).
Lemma 3-18.
Proof. ψ {dξ} (s) can be extended to a function Φ {dξ} (u) as a vertically constant function in Lemma 3-14 (2), which is a solution of D ⊥ u,{dξ} Φ {dξ} (u) = 0 with the Dirichlet boundary condition Φ {dξ} (s, q = 0) = ψ {dξ} (s). Hence (1) is clear. (2) is proved by (1) and Proposition 3-13. (1) and (2) (4) is a set of restriction of special sections of Clifford module but W(S ֒→ E n ) is of the general sections, it is clear that W(S ֒→ E n ) ⊃ W 0 (S ֒→ E n ) as sets. The module structure is natural and (3) is proved.
Now we are concerned with the spinor representation in W(S ֒→ E n ).
Lemma 3-19.
is independent from a choice of local coordinate system (s α ) and an element of cotangent space T * S.
Proof. For the charts (U,
Further we regard τ S,E n (γ S,dζ (ds α )) as γ {dξ} (ds α ). Then Lemma 3-4 proves this lemma.
As we define the submanifold Dirac operator using a local coordinate system or local chart of S and T S , ϕ U : S → R k , we should also check that our definition is independent from choice of the chart.
Lemma 3-20.
whose representation element is given by Definition 3-15.
Proof. Using the same notations in the proof of the previous lemma, we have
Thus (1) is proved.
(1) and remark 3-16 gives (2). Noting that zero section is the Clifford module Γ(S, Cliff S (T * E n )), thus (2) assures (3). Now let us give our main result 3-21, which is prolonged to more general situation in theorem 3-24. The zero mode of the submanifold Dirac operator represents the submanifold itself.
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Proposition 3-21.
For 1) a section 
Here (x i ) is the affine coordinate of the submanifold S in E n .
Proof. From Lemma 3-4, Corollary 3-5, Lemma 3-18 (2) {dx} exp(−Ω)| q=0 . We have an orthonormal system {dξ} with canonical parameterization (qα) and the generators
. Lemma 3-4 gives the relation,
The horizontal part is given by
and it is reduced to the relation in this proposition.
Proposition 3-22.
(1) For abbreviation of τ S,E n (γ S,dζ (ds α )) by its image γ {dξ} (ds α ), the explicit form of D s,{dξ} is given as
where D S,s,{dζ} is a proper Dirac operator of S fixing the coordinate s and the orthonormal frame {dζ}.
Proof. [BJ, MT] From 2-11,
we have the relations,
Hence we have the above expression of (1). We have set (dζ µ ) := (dζ α , dqα) and τ S,E n induces the group inclusion ι S,E n in Definition 3-17 from Lemma A-7.
Remark 3-23.
( We will extend our Proposition 3-22. In other words, we generalized the Weierstrass relation for a smooth oriented spin k-submanifold S immersed in the n-euclidean space E n .
Theorem 3-24. For 1) a smooth oriented spin k-submanifold S immersed in E n expressed by an
{dx} exp(−Ω 0 )| q=0 , the next relation holds:
In order to make the definition of the submanifold Dirac operator easily, we have used the canonical parameterization. However we can extend the Dirac operator to one without the canonical parameterization, which has data of connections of normal bundle [M12] . Further as we used only the local data, it is expected that our scheme could be applied to more general situations, e.g., the generalized Weierstrass relation of a subgroup manifold in a group manifold. §4. Frenet-Serret and Weierstrass Relation as Dirac equation
In this section, we will apply the theorem 3-24 to more concrete problems, first the immersed curve cases [MT, and second immersed conformal surfaces [Ke, KT, PP, M8, 9, 11] . §4-1. Dirac Operator on a curve in E 2 Proposition 4-1.
(1) For the coordinate system in Corollary 2-13 (1), we set the orthonormal frame as dζ = ds for a curve C in E 2 . We have the explicit form of the submanifold Dirac operator of C ∈ E 2 ,
(2) For ψ 1 (s) := f 0 satisfying D s,{dξ} ψ 1 = 0 and |f | = 1, and the affine coordinate Z ∈ C of the curve, the following relations hold,
In order to prove this proposition, we need next lemma.
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Lemma 4-2. For the two or three dimensional euclidean space E 2 or E 3 , following relations hold if we regard E 2 and E 3 as C and C × R respectively and express their affine coordinate Z := X 1 + √ −1X 2 and (Z, X 3 ).
(1) We can fix the representation of the gamma matrices of {dx i } system as γ {dx} (dx i ) = σ i .
(2) Under the choice of (1), Ψ 1 = 1 0 , and
(3) Under the choice of (1), Ψ 2 = 0 1 , and
(4) For E 3 case, under the choice of (1), (2) and (3),
Proof. This is directly proved from Corollary 3-5.
Proof of Proposition 4-1. Since γ C,{ds} (ds) = 1, the convention of the proof of Lemma A-7 leads,
Noting Corollary 2-13 (1) and Proposition 3-22, direct computation gives the equation (4-1).
For ψ 1 , its independent partner solution of the Dirac equation is given by ψ 2 = 0 f . Let us assume that ψ a = e Ω Ψ a | q=0 (a = 1, 2) of Lemma 4-2. We find the spin matrix as
Since the spin group preserves the norm, we can determine these dual bases,
As the determinant of the metric over S is unit, g T S = 1, due to the property of the arclength, theorem 3-24 is reduced to
Explicit representation of them are above relations. §4-2. Dirac Operator on a curve in E 3 Proposition 4-3.
(1) For the coordinate system in Corollary 2-13 (2), the submanifold Dirac operator in a curve C in E 3 is given by
for the orthonormal frame dξ = ds. 
if |f | 2 + |g| 2 = 1 for the affine coordinate of the curve (Z,
(1) is proved from Proposition 3-22 [M1, M3, M5] and (2) is obvious. Thus we will concentrate (3). For ψ 1 , its independent partner solution of the Dirac equation is given by ψ 2 = −g f .
Let us assume that ψ a = e Ω Ψ a | qβ =0 (a = 1, 2) of Lemma 4-2. Then we find the spin matrix as
We find these dual bases,
By applying theorem 3-24 to this system, we have
They are the relations in (3). §4-3. Dirac Operator on a conformal surface in E
3
Our subject in this subsection is known as the generalized Weierstrass relation which was discovered by Kenmotsu [Ke] . Dirac equation type representation was given by Abresh and Bobenko [B] in 1980's. Our representation (4-3) was found by Konopelchenko [Ko1] and studied by Konopelchenko and Taimanov [KT, T1, T2] and Friedrich [Fr] . Following Konopelchenko's work [Ko1] , I showed that the submanifold Dirac equation for this case is identified with the generalized Weierstrass relation (4-3) [M8] . Pinkall and Pedit also gave this relation by means of quoternion algebraic geometry [PP] .
First we will give the properties of the Dirac operators in a conformal surface [P] . For the case of a conformal surface S in E n , we can set the metric given by g T Sαβ = ρδ αβ and the orthonormal frame {dζ} given by dζ α := ρ −1/2 ds α . Let complex parameterization of S, dz := ds 1 ± √ −1ds 2 . We introduce another transformation η conf as follows. For a local open set U ⊂ S and ψ {dξ} ∈ Γ(U, Cliff S (T * E n )), let ϕ {dξ} := ρ 1/2 ψ {dξ} and ϕ {dξ} := ϕ pt (ψ {dξ} ). η conf (ψ {dξ} , ψ {dξ} ) = (ϕ {dξ} , ϕ {dξ} ). Then we have following properties.
Lemma 4-4.
(1) The proper Dirac operator of S is given by
α is invariant form for choice of local parameterization of S.
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Proof. (1) is obvious [P, M8,10,11] . Noting that we can set γ {dξ} (ds α ) = ρ −1/2 γ {dξ} (dξ α ), The relation in Proposition 3-17 (3) is given by
We note that the transformation η conf is natural when we define a paring for appropriate spinor fields, [ϕ {dξ},1 , ϕ {dξ},2 ] := S ds 1 ds 2 ϕ {dξ},1 ϕ {dξ},2 . In the paring,
and for ψ {dξ},a and ϕ {dξ},a = η conf (ψ {dξ},a ),
Proposition 4-5.
(1) For the case of a conformal surface in E 3 , the submanifold Dirac operator is given by
where p is p := ρ 1/2 H.
Here we have fixed the coordinate system given in Corollary 2-13 and Lemma 4-4.
(2) For the solution ϕ = f g of the Dirac equation D s,{dξ} ϕ 1 = 0 with |f | 2 + |g| 2 = ρ 1/2 , we
is the affine coordinate of the surface.
We give a proof of this proposition in the framework of the submanifold Dirac system though Konopelchenko gave more direct proof [Ko1] and Pinkall and Pedit proved this in terms of the quaternionic algebraic geometry [PP] . We give it in terms of our theorem 3-24.
Proof. Since γ S,{dξ} (dζ α ) = σ α , the proof of Lemma A-7 gives
For ϕ 1 := f g , its independent partner solution of the Dirac equation is given by ϕ 2 = −g f .
Let us assume that ϕ a = ρ 1/2 e Ω Ψ a | q 3 =0 (a = 1, 2) of Lemma 4-2. Then we find the spin matrix as
These dual bases are given,
and the affine coordinate are expressed by,
Explicit representation of them are above relations. §4-4. Dirac Operator on a conformal surface in E
4
In [M11] , we gave an explicit local form (4-5) of the submanifold Dirac operator in this case of a conformal surface in E 4 and a conjecture that the submanifold Dirac operator represents the surface. As the conjecture was actually proved by Konopelchenko [KL, Ko2] and Pedit and Pinkall [PP] , we will give another proof of the conjecture by means of the submanifold Dirac system method in this article. This means that my conjecture in [M11] was based upon physical assurance.
Proposition 4-6.
(1) For the case of a conformal surface in E 4 , the submanifold Dirac operator is given by
where p c is p c := ρ 1/2 H C .
Here we have fixed the notations in Corollary 2-13 (4) and Lemma 4-4 and the proof in
For the affine coordinate (Z 1 , Z 2 ) of the surface, the relations,
Lemma 4-7.
For the four dimensional euclidean space E 4 following relations holds. 
Proof. Direct computations show them noting Corollary 3-5 and Appendix A-7.
Proof of Proposition 4-6.
(1) is proved by Proposition 3-23 and Lemma 4-4. We consider (2). For ϕ a 's, their independent partner solutions are given by ϕ 3 :=
Since we have fixed γ S,{dξ} (dζ β ) = σ β , the convention in Lemma A-7 gives
We will defineφ 1 := ϕ 1 + ϕ 2 ,φ 2 := ϕ 3 + ϕ 4 ,φ 3 := ϕ 1 + ϕ 4 , andφ 4 := ϕ 3 + ϕ 2 . Let us assume thatφ a = ρ 1/2 e Ω Ψ a | q=0 (a = 1, 2) of Lemma 4-4. Then we find the spin matrix as
We have these dual bases,φ
Explicit representation of them are above relations.
Appendix A: Clifford Algebra and Spinor Representation
Here we will digress and review the properties of the Clifford algebra and its spinor representation. The main purpose of this appendix is to show our convention or representation of the Clifford algebra and its module.
Definition A-1.
(1) The Clifford Algebra CLIFF(R n ) is given by a quotient algebra of the tensor algebra
, where u are an element of n-dimensional vector space R n , (u, u) is the natural inner product and ((u, u)−u⊗u) is a two-sided ideal generated by {(u, u)−u⊗u | u ∈ R n }. (2) With respect to the degree of the tensor product, we have a natural decomposition and we denote it as
(6) The spin group SPIN(R n ) is the group obtained by exponentiating the Lie algebra
Lemma A-2.
(1) For the exterior algebra
We denote its inverse γ, which is called gamma-matrix.
Then if n > 1, the group homomorphism
is a double covering.
Proof. For example their proves are in [BGV] and [Ta] .
Proposition A-3.
Let e N = e 1 e 2 · · · e n . The center of CLIFF(R n ) is given as follows.
Proof. By consideration, the centralizer of CLIFF even (R n ) in CLIFF(R n ) is R + Re N [Ta] . Due to e j e N = (−1) n−1 e N e j , (1) and (2) are proved.
Proposition A-4.
There is an irreducible representation of CLIFF C (R n ) in a vector space Cliff(R n ) with following properties: 
Proof. We define
[s i , s j ] = 0 for any i, j. We have the relations, 1) s 2 j = 1, 2) s j e 2j−1 = −e 2j−1 s j = − √ −1e 2j and 3) s j e 2j = −e 2j s j = √ −1e 2j−1 . For later convenience, we also define S j := 1≤j≤i s j such that S 1 := s 1 , S 2 := s 1 s 2 and so on. Then [S i , S j ] = 0 for any i, j and thus S i 's construct simultaneous eigen vectors. Since S 2 j = 1, these eigenvalues are ±1 and thus let their eigenspace be η j ± such that S j η j ± = ±η j ± . Due to the properties of s j 's, e i S j = ε (i,j) S j e i , ε (i,j) = −1 for i ≤ 2j and ε (i,j) = 1 for i > 2j. Hence
ǫ j , we have a natural orthonormal relation for the base Ξ ǫ ofΞ ǫ by tuning its absolute value,
We note that number of states is 2 [n/2] and we can assign them C respectively. We denote the space spanned by < Ξ ǫ > ǫ∈Z
by ∆. Here e i acts on ∆, e i : ∆ → ∆ with e i e j = −e j e i and
. In other words, there are injective ring-homomorphic maps φ and φ even from endomorphism of ∆, END(∆) to CLIFF C (R n ) and to CLIFF C even (R n ) respectively When n is even, CLIFF C (R n ) is simple and thus φ is zero map or isomorphic map. We rename the space ∆ as Cliff(R n ). Since CLIFF C even (R n ) is not simple and its center is C + Ce N , Cliff(R n ) is decomposed to 2 n/2−1 -dimensional space Cliff ± (R n ), which is sometimes called half-spin representation of CLIFF C even (R n ) or SPIN(R n ). We will concentrate the case that n is odd. When n is odd, CLIFF C (R n ) is not simple and thus the space ∆ is reducible. However CLIFF C even (R n ) is simple and thus φ even must be a zero map or 27 an isomorphism. ∆ is an irreducible representation space of CLIFF C even (R n ). Let us investigate the action of e N . Since e N ≡ S [n/2] e n , the behavior of e N over ∆ is roughly of e n there. As s j e N = e N s j for odd n case, the eigen space of e N can be simultaneously constructed with η for n = 0, 1 modulo 4 −1 for n = 2, 3 module 4 .
First we deal with a case of n ≡ 1 modulo 4. Each eigen space can be decomposed because 1 2
(1 ± e N ) is a projection operator ( ( 1 2 (1 ± e N )) 2 = 1 2
(1 ± e N )). Let ∆ ± := 1 2
(1 ± e N )∆. From the definition, both ∆ ± spaces are irreducible representation space and isomorphic because the center C + Ce N is spanned by (1 + e N , 1 − e N ). When we choose the positive eigen space ∆ + , the action of e N is trivial and e N can be realized in C. We rename ∆ + as Cliff(R n ). Similarly, for the case of n ≡ 3 modulo 4, let the projection operator be 1 2
(1 + √ −1e N ). We can similarly construct Cliff(R n ) and prove it.
We will consider more concrete representations.
Proposition A-5.
(1)
(2) For even n case,
(3) For odd n case,
Proof. We introduce the Pauli matrices: We note that σ i σ j + σ j σ i = 2δ ij for i, j = 1, 2, 3 and END(C 2 ) is spanned by σ i (i = 0, 1, 2, 3). Let us consider (1). Let the generators of CLIFF C (R n ) be e 1 , e 2 , · · · , e n and those of CLIFF C (R n+2 ) be E 1 , E 2 , · · · , E n+2 . First we deal with n = 2l case. We let e n+1 := ǫe N , where ǫ is chosen so that e 2 n+1 = 1. The generators of CLIFF C (R n+2 ) can be expressed by, E i = σ 1 ⊗ e i , i = 1, 2, · · · , n,
Since E N := E 1 · · · E n+2 = √ −1σ 3 ⊗ 1, (1) is proved for even dimensional case of n. Second we consider n = 2l + 1 case. The generators of CLIFF C (R n+2 ) is also expressed by, E i = σ 1 ⊗ e i , i = 1, 2, · · · , n,
Thus (1) is proved for odd case of n. Here we denote the correspondences (A-1) and (A-2) by τ n,n+2 : e i → E i i = 1, · · · , n. Next we will consider (2). Noting the fact that CLIFF C (R 0 ) = C and using (A-1) and (A-2), for the case of n = 2l, we have explicit representation of the base of CLIFF(R n ) in END(R n ) as follows: (A-4)
Noting CLIFF C (R) = R[e]/(1 − e 2 ), for the case that n is odd, or n = 2l + 1, the recursion relation (A-3) is reduced to not summed over a.
Lemma A-7.
(1) For k < n, CLIFF C (R k ) is a natural subset CLIFF C (R n ) by the inclusion of generators such that CLIFF C even (R k ) is a subring of CLIFF C even (R n ) (2) For k < n, SPIN(R k ) is a natural subgroup of SPIN(R n ).
Proof. Let us consider five cases. i) k = 2l, n = 2l + 1 case: CLIFF C (R k ) is a subring of CLIFF C (R n ). We define this inclusion defined by τ 2l,2l+1 : e i → E i , E 1 = e 1 ⊗ e, E i = e i ⊗ 1, i = 2, 3 · · · , k.
ii) k = 2l, n = 2l + 2 case: From (A-2), these correspondence is a natural inclusion as a set by the generators, τ k,n : e i → σ 1 ⊗ E i , i = 2, 3 · · · , k.
On the other hand, for c i ∈ CLIFF(R k ), we have a natural inclusion of algebra,
and ι k,n (c i c j ) := ι k,n (c i )ι k,n (c j ). We note that for 1 ≤ i, j ≤ k, E i E j = ι k,n (e i e j ) and thus in even subring CLIFF even (R n ), image τ and ι agree, i.e., ι k,n (e i e j ) = τ k,n (e i )τ k,n (e j ) ≡ τ k,n (e i e j ). Thus (1) is proved. Accordingly exp(τ k,n (e j e i )) can be regarded as an elements of SPIN(R n ) and (2) is proved.
iii) k = 2l + 1, n = 2l + 2 case: We regard τ k,n : CLIFF C (R k ) → CLIFF C (R n ) via π k,n : CLIFF C (R k ) → (1 + ǫe N )CLIFF C (R k ) and τ ′ k,n : (1 + ǫe N )CLIFF C (R k ) → CLIFF C (R n ) where ǫ ∈ C (ǫ 2 = e 2 N ). These generators are given by E i = σ i ⊗ (1 + ǫe N )e i , i = 1, 2, 3 · · · , k.
Similar to the case (ii), we have the same definition ι k,n and arguments. Then we can prove it. iv) k = 2l + 1, n = 2l + 3 case: We have the same structure of the case of (ii). v) Other cases are easily extended by combination of above arguments.
